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Abstract
We consider the deformed Poincare group describing the space-time symmetry of
noncommutative field theory. It is shown how the deformed symmetry is related to the
explicit symmetry breaking.
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1. Introduction
In the two recent interesting papers [1, 2] (cf. also [3]) Chaichian et al. proposed a new
interpretation of the symmetry of noncommutative space-time defined by the commutation
relations:
[xˆµ, xˆν ] = iΘµν (1)
where Θµν is a constant antisymmetric matrix.
According to the standard wisdom the relation (1) break Lorentz symmetry down to the
stability subgroup of Θµν . Therefore, the exact symmetry of noncommutative space-time is
the semidirect product of the latter and translation group. In spite of that all fundamental
issues of the noncommutative quantum field theory (NCQFT) [4, 5] are discussed in fully
covariant approach using the representations of the Poincare group. Moreover, when trying
to base the theory on the stability subgroup of Θµν one is at once faced with the question
why the multiplets of stability subgroup are organised in such a way as to form the complete
multiplets of full Lorentz/Poincare group.
The way out of this dilemma proposed by Chaichian et al. consists in the following.
One poses the question whether the noncommutative space-time admits as large symmetry
as its commutative counterpart provided the symmetry is understood in the wider sense of
quantum groups theory. If this is the case one can try to use this generalised symmetry as
the substitute of Poincare group.
Chaichian et al. have shown that this scenario works quite well. Actually, they con-
structed the infinitesimal version of deformed Poincare symmetry which appeared to be the
standard Poincare algebra equipped, however, with the modified (twisted) coproduct. They
gave also a number of convincing arguments that the generalised symmetry is as efficient as
the Poincare symmetry in the commutative case.
On the other hand one can consider NCQFT from different point of view. It emerges, in
particular circumstances, as a specific limit of fully symmetric theory. Therefore, it is not
simply an example of the theory with some prescribed symmetry group which, accidentally,
appears to be a subgroup of the Poincare group. On the contrary, it is an example of what
is called explicit symmetry breaking.
Explicit symmetry breaking is a well-known notion. Generically such a symmetry pattern
can be described as follows. All dynamical variables as well as all parameters entering have
well-defined transformation properties under some group G. However, G itself is not good
candidate for the symmetry group except that all parameters are invariant under G. If this
is not the case only the stability subgroup H ⊂ G of all parameters can serve as a symmetry
group.
On the lagrangian level all that means that the Lagrangian is invariant under G-trans-
formation of all dynamical variables as well as all parameters. However, symmetry demands
more, namely the invariance under the transformation of dynamical variables provided the
values of parameters are kept fixed. Consequently symmetry transformations must belong to
H.
When the symmetry group H emerges from explicit breaking of the larger group G one
can say more about the structure of the system than it follows by merely viewing H as a
symmetry group. Some aspects can be explained in terms of the exact symmetry H while
in order to understand other properties one has to appeal to the initial group G. On the
Lagrangian level one expects, for example, the currents related to the generators of H to
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be conserved while those related to generators of G/H not; however,the invariance of the
lagrangian under simultaneous G-transformations of dynamical variables and parameters re-
stricts the admissible form of current divergencies. In fact, the (nonvanishing) divergencies
can be calculated from the variation of the Lagrangian when the parameters vary under the
action of G.
The point we want to make in the present note is that in some cases the explicit symmetry
breaking G ↓ H can be described in terms of deformed G-symmetry, the deformation param-
eters being related to the parameters appearing in those terms of the lagrangian which are
responsible for symmetry breaking.. The quantum symmetry, being a more general notion,
should impose less severe restrictions on basic characteric of the system. On the other hand,
deformed G (containing undeformed H as a substructure) is more than H itself. Therefore
we cannot expect quantum G to imply conservation of all currents but we can expect it to
impose some restrictions on current divergencies; in fact, they should be the same as those
implied by explicit G ↓ H breaking. We show that this scheme really works in the case of
field theory on noncommutative space-time. To this end we consider the global counterpart
of infinitesimal group of Chaichian et al. and discuss the Noether identities following from
generalised symmetry. They are the same as the ones implied by explicit symmetry break-
ing and the divergencies of the corresponding currents can be related equivalently either to
the variation of the Lagrangian under the change of the symmetry breaking parameters or
deformation of the symmetry group.
2. Global Θ-Poincare symmetry
The global counterpart of Chaichian et al. algebra has been found few years ago [6, 7]
and rediscovered recently [8].
The corresponding *-Hopf algebra is generated by Hermitean elements Λˆµ ν , aˆ
µ obeying
[aˆµ, aˆν ] = −iΘρσ(Λˆµ ρΛˆ
ν
σ − δ
µ
ρδ
ν
σ)[
Λˆµ ν , •
]
= 0
∆(aˆµ) = Λˆµ ν ⊗ aˆ
ν + aˆµ ⊗ 1
∆(Λˆµ ν) = Λˆ
µ
α ⊗ Λˆ
α
ν
S(aˆµ) = −Λˆν
µaˆν
S(Λˆµ ν) = Λˆν
µ
ǫ(aˆµ) = 0
ǫ(Λˆµ ν) = δ
µ
ν
(2)
The relations (2) define a deformation PΘ of Poincare group (Θ -Poincare group). PΘ
acts on noncommutative space-time in the standard way:
xˆµ → Λˆµ ν ⊗ xˆ
ν + aˆµ ⊗ 1 (3)
Let us note that the stability subgroup of Θµν is a classical group.
The noncommutative algebraic structure can be encoded in commutative framework via
Weyl-Moyal correspondence. Let MΘ be the algebra spanned by the generators xˆ
µ (Θ-
Minkowski space-time). Then PΘ⊗MΘ has a very simple structure because Lorentz elements
Λˆµ ν belong to its center and can be viewed as commutative parameters. Writing eq.(2) in
the form [aˆµ, aˆν ] = iΘ˜µν with Θ˜µν = −Θρσ(Λˆµ ρΛˆ
ν
σ − δ
µ
ρδ
ν
σ) one can use Weyl-Moyal
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correspondence for the algebra spanned by xˆµ and aˆµ. As a result we obtain the following star
product (see [9] for the idea to use the star product for the algebra of functions depending
on group elements):
(f ∗ g)(Λ, a, x) ≡
f(Λ, a, x) exp

 i
2

Θµν
←
∂
∂xµ
→
∂
∂xν
−Θρσ(Λµ ρΛ
ν
σ − δ
µ
ρ δ
ν
σ)
←
∂
∂aµ
→
∂
∂aν



 g(Λ, a, x) (4)
for any two functions f, g of classical variables Λµ ν , x
µ, aµ.
The above star product is by construction associative. For f, g depending on xµ only one
obtains standard Moyal product while for the functions on classical Poincare group manifold
our product encodes the algebraic structure defined by first two eqs.(2).
The crucial property of our star product is that it commutes with the action of the
Poincare group:
f(x) ∗ g(x)|x→Λx+a = f(Λx+ a) ∗ g(Λx+ a) (5)
On the LHS one takes first the star product ( the standard Moyal one ) and then applies
Poincare transformation while on the RHS Poincare transformation is taken before applying
the star product (4).
Eq.(5) can be easily proven by noting that:
∂f(Λx+ a)
∂xµ
= Λν µ
∂f(x)
∂xν
∣∣∣∣
x→Λx+a
∂f(Λx+ a)
∂aµ
=
∂f(x)
∂xµ
∣∣∣∣
x→Λx+a
(6)
It is the global counterpart of the infinitesimal form obtained by Chaichian et al. (see
[2] esp. Appendix). This local form can be derived as follows. One defines the Lie algebra
generators by standard duality rules, which in the case of Poincare group read (∆µ ν ≡
Λµ ν − δ
µ
ν), (cf.[10]):
< Pµ , a
ν1 ...aνm∆ρ1 σ1 ...∆
ρn
σn >= iδm1δn0δµ
ν1
< Mαβ , a
ν1 ...aνm∆ρ1 σ1 ...∆
ρn
σn >= iδm0δn1(δ
ρ1
α gβσ1 − δ
ρ1
β gασ1) (7)
The action of the generators is defined in the standard way [11]: let g be an element of
Hopf algebra, χ - an element of dual Hopf algebra and gx =
∑
i gi ⊗ xi - the group action;
then the action of dual algebra is defined by χ˜x =
∑
i < χ, gi > xi. Using this together with
eqs. (4), (5) and (7) one easily finds
P˜µf = i∂µf
M˜αβf = −i(xα∂β − xβ∂α)f
P˜µ(f ∗ g) = (P˜µf) ∗ g + f ∗ (P˜µg)
M˜αβ(f ∗ g) = (M˜αβf) ∗ g + f ∗ (M˜αβg) +
1
2Θ
µν
(
ηµα(P˜βf) ∗ (P˜νg)−
ηµβ(P˜αf) ∗ (P˜νg) + ηνα(P˜µf) ∗ (P˜βg)− ηνβ(P˜µf) ∗ (P˜αg)
)
(8)
The last of eq.(8) coincides with eq.(2.8) of Ref.[1] (see also [12]). This concludes our
discussion of the global Θ-Poincare symmetry. Other details concerning the geometry of PΘ
will be given elsewhere.
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3. Θ-Poincare symmetry vs. explicit symmetry
Let us now consider the noncommutative field theory in the Lagrangian formalism. As-
sume for simplicity that we are dealing with scalar fields only; the action of Poincare group
is given by:
Φ(x)→ Φ(Λx+ a) (9)
which differs from the standard action (Φ(x)→ Φ(Λ−1(x− a))) but this is irrelevant for our
purposes.
The general form of the Lagrangian reads:
L(x) = L(Φ(x), ∂µΦ(x))∗ (10)
where the star on the right-hand side means that all products are the star ones (although
some of them can be replaced by normal products when L is integrated to yield the action).
L(x) can be viewed as a standard Lagrangian although depending on derivatives of arbi-
trary orders:
L(x) = L¯
(
Φ(x), ∂µΦ(x), ∂µ∂νΦ(x), ...; Θ
αβ
)
(11)
Here we have written out explicitly its dependence on the parameters Θαβ.
Now, using (11) as a starting point one can derive Noether’s identities. It is slightly com-
plicated due to the appearance of higher-order derivatives but proceeds along the standard
way. One writes out the condition of invariance of the Lagrangian under a given transfor-
mation (Lorentz one in the case under consideration) and attempts to rearrange it as to
obtain the Euler-Lagrange expressions plus total divergence of something (the corresponding
current). In our case the initial identity contains an additional term δΘµν ∂L¯
∂Θµν because L¯ is
Lorentz invariant only provided Θµν transforms as an antisymmetric tensor of second rank.
This term gives rise to the nonconservation of the four dimensional angular momentum. Ob-
viously the divergence of the relevant current is defined only up to the terms proportional
to Euler-Lagrange expressions and the terms of the form ∂µX
µ, Xµ being an arbitrary four-
vector constructed out of the fields and their derivatives. In particular if it can be written as
a sum of such terms the corresponding current can be redefined to yield the conserved one.
The term δΘµν ∂L¯
∂Θµν can be easily calculated by noting that Θ
µν enters L(x) only through
the star product. Under the variation Θµν → Θµν + δΘµν the star product transforms as
follows:
f ∗ g → f ∗ g +
i
2
δΘµν∂µf ∗ ∂νg (12)
Let us consider the Lorentz transformation in the (αβ)-plane, Λµν = (exp(
ω
2Mαβ))
µ
ν with
(Mαβ)
µ
ν ≡ δ
µ
αgβν − δ
µ
βgαν being the corresponding generator in the defining representation;
infinitesimally, Λµν ≃ δ
µ
ν +
ω
2 (δ
µ
αgβν − δ
µ
βgαν). Inserting into eq.(12) the form of δΘ
µν
induced by this transformation:
δΘµν(αβ) =
ω
2
(δµαgβρ − δ
µ
βgαρ)Θ
ρν +
+
ω
2
(δναgβρ − δ
ν
βgαρ)Θ
µρ (13)
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one gets (∆ µαβ ≡ Θα
µ∂β −Θβ
µ∂α):
f ∗ g → f ∗ g +
iω
4
∆ νβα f ∗ ∂νg −
iω
4
∂µf ∗∆
µ
βα g (14)
Note the similarity between eq.(14) and the last eq.(8).
If f and/or g are themselves the star products of other factors one has to apply (14)
successively keeping only terms of first order in ω. As a result one obtains for the variation
of the product of arbitrary number of factors the sum of terms corresponding to all pairs of
factors:
δ(f1 ∗ f2 ∗ ... ∗ fn) =
iω
4
(∆νµβα −∆
µν
βα)(
∑
k<l
f1 ∗ ... ∗ ∂µfk ∗ ... ∗ ∂νfl ∗ ... ∗ fn) (15)
where ∆µναβ ≡ Θα
µδνβ −Θβ
νδµα.
Eq.(15) allows us to calculate the divergence of Lorentz current for any theory. Of
course, as we have mentioned above, the resulting expression can be further modified by
adding/subtracting admissible terms.
Let us consider now the Noether identities within Θ-Poincare symmetry formalism. In
the nondeformed case the equivalent way of deriving the Noether identities is to compute the
action of Lorentz generator on L. Adopting this method in Θ-Poincare case we apply iM˜αβ
to L and use eq.(8). Now, L is a sum (finite or infinite) of star-product monomials in fields
and their derivatives so one has only to compute the action of iM˜αβ on such monomials.
According to standard arguments [11] this amounts to find ...(id⊗ id⊗∆)◦ (id⊗∆)◦∆M˜αβ .
Using eq.(8) we finally arrive at the expression of the form:
iM˜αβ(f1 ∗ f2 ∗ ... ∗ fn) =
n∑
k=1
f1 ∗ ... ∗ iM˜αβfk ∗ ... ∗ fn +
i
2
∑
k<l
(
f1 ∗ ... ∗ (Θα
νP˜β −Θβ
νP˜α)fk ∗ ... ∗ Pνfl ∗ ... ∗ fn+
−f1 ∗ ... ∗ Pνfk ∗ ... ∗ (Θα
νP˜β −Θβ
ν P˜α)fl ∗ ... ∗ fn
)
(16)
which is equivalent to eq.(15).
When calculating iM˜αβL we get two types of terms generated by two sums on the right-
hand side of eq.(16). First there will be a sum of terms corresponding to various monomials
entering the Lagrangian with the operator iM˜αβ inserted in all possible ways. This is one-
to-one correspondence with the commutative case except that the proper ordering must be
observed due to noncommutativity of the star product. In order to use field equations one
has to rearrange the ordering as to put the terms with iM˜αβ left- or rightmost. This yield
some star commutators; however, it is known that such commutators can be written as total
divergence and included in the divergence of the angular momentum current. We conclude
that the angular momentum tensor can be obtained by properly ordering its commutative
counterpart, replacing ordinary products by the star ones and adding a number of well-defined
expressions following from star-commutators which appear due to reordering.
The second sum on the right-hand side of eq.(16) gives rise to the divergence of the
angular-momentum current. It is exactly the same term as the one obtained from explicit
symmetry breaking.
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Let us conclude with a simple example Φ3-theory (see Refs. [13]÷ [16] for similar exam-
ples):
L =
1
2
(
∂µΦ ∗ ∂
µΦ−m2Φ ∗Φ
)
−
λ
3!
Φ3
∗
(17)
The action S =
∫
d4xL is invariant under translations; applying standard Noether algo-
rithm ( which is equivalent to computing ∂µL) one arrives at the following identity:
∂µ
(
1
2
(∂αΦ ∗ ∂
µΦ+ ∂µΦ ∗ ∂αΦ)− δ
µ
αL
)
−
1
2
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
∗ ∂αΦ+
−
1
2
∂αΦ ∗
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
−
λ
2 · 3!
[Φ, [∂αΦ,Φ]∗]∗ = 0 (18)
Now the ⋆-commutator is a total divergence:
−
λ
2 · 3!
[Φ, [∂αΦ,Φ]∗]∗ ≡ ∂µYα
µ (19)
Therefore, the ”corrected” energy-momentum tensor:
T∗α
µ ≡
1
2
(∂αΦ ∗ ∂
µΦ+ ∂µΦ ∗ ∂αΦ)− δ
µ
αL+ Yα
µ (20)
is conserved, as it should be since the theory is translationally invariant.
On the other hand, proceeding as described above and making some rearrangement of
terms we find the following identity for Lorentz transormations:
∂µ
(
xα
(
1
2
(∂βΦ ∗ ∂
µΦ+ ∂µΦ ∗ ∂βΦ− δ
µ
βL
)
+
−xβ
(
1
2
(∂αΦ ∗ ∂
µΦ+ ∂µΦ ∗ ∂αΦ− δ
µ
αL
)
−
λ
2 · 3!
∂−1µ
[
[Φ, iM˜αβΦ]∗,Φ
]
∗
)
+
−
1
2
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
∗ iM˜αβΦ−
1
2
iM˜αβΦ ∗
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
+
+
i
4
∆ναβΦ ∗ ∂ν
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
+
i
4
∂ν
(
(∂2 +m2)Φ +
λ
2!
Φ2
∗
)
∗∆ναβΦ+
−
λ
3!
(
i
2
(∂νΦ ∗∆
ν
αβΦ ∗ Φ− Φ ∗∆
ν
αβΦ ∗ ∂νΦ) +
i
4
[
∆ναβΦ, {Φ, ∂νΦ}∗
]
∗
)
= 0 (21)
One obtains the same result by computing the divergence of xαT∗β
µ − xβT∗α
µ using
eq.(20).
4. Concluding remarks
We have shown that Θ-Poincare group defined in Refs. [7], [8] provides the space-time
symmetry group for noncommutative field theory. It gives rise to proper Noether identities
modified as compared with the commutative case by terms following from the modification
of algebraic (in global formulation) or coalgebraic (in infinitesimal version) structure. In the
case under consideration we arrive at the clear understanding of the meaning of deformed
symmetry. It emerges due to the fact that we are considering the theory with explicit sym-
metry breaking. This means that, although the dynamics (lagrangian) is not invariant under
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the full Poincare group, all dynamical variables as well as parameters entering have well-
defined transformation properties. The symmetry breaking manifests itself in the form of
current nonconservation which is computed using the invariance of the lagrangian under si-
multaneous transformations of dynamical variables and parameters. These properties can be
summarized as resulting from deformed Poincare symmetry. In particular, the deformation
is responsible for the nonconservation of some currents in spite of the fact that the deformed
symmetry can be viewed as the exact one.
We have considered very special example of such an equivalence scheme. The symmetry
breaking emerges here through the modification of the product of basic dynamical variables.
One can ask whether there are other examples of the complementarity between explicit sym-
metry breaking picture and the one based on deformed exact symmetry and whether such a
deformation is always given by a twist.
Finally, we note that the problem of symmetries of noncommutative theories with Galilean
invariance has been considered in [17], [18].
Acknowledgements
This paper has been supported by the grant 1P03B02128 of Polish Ministry of Science
References
[1] M. Chaichian, P.P. Kulish, K. Nishijima, A. Tureanu, Phys. Lett. B604 (2004) 98, hep-
th/0408069
[2] M. Chaichian, P. Presnajder,A. Tureanu, hep-th/0409096
[3] J. Lukierski, H. Ruegg, V. Tolstoy,A. Nowicki, J. Phys. A27 (1994) 2389
[4] R.J. Szabo, Phys. Rep. 378 (2000) 265
[5] M.R. Douglas,N.A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977
[6] P. Podles´, S.L. Woronowicz, Comm. Math. Phys. 178 (1996) 61
[7] R. Oeckl, Nucl. Phys. B581 (2000) 559
[8] P. Kosin´ski, P. Mas´lanka, hep-th/0408100
[9] P. Kosin´ski, J. Lukierski, P. Mas´lanka , Czech J. Phys. 50 (2000) 1283,
Phys. Atom. Nucl. 64 (2001) 2139
[10] P. Kosin´ski, P. Mas´lanka, University of  Lo´dz´, Institute of Mathematics, preprint 3/94
(1994) (unpublished)
[11] V. Chari, A. Pressley, ”A Guide to Quantum Groups” CUP 1994
M. Chaichian, V. Demitchev, ” Introduction to Quantum Groups”, World Scientific,1996
[12] J. Wess, hep-th/0408080
[13] A. Micu, M.M. Sheikh-Jabbari, JHEP 0101 (2001) 025, hep-th/0008057
7
[14] A. Gerhold, J. Grimstrup, H. Grosse, L. Popp, M. Schweda, R. Wulkenhaar, hep-
th/0012112
[15] T. Pengpan, X. Xiang, Phys. Rev. D63 (2001) 085012
[16] M. Abou-Zeid, H. Dorn, Phys. Lett. B514 (2001) 183
[17] P.A. Horvathy, L. Martina, P.C. Stichel, Nucl. Phys. B673 (2003) 301
[18] P.A. Horvathy, L. Martina, P.C. Stichel, Phys. Lett. B564 (2003) 149
8
